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Questions

1.

Rewrite the following program that computes the sum 2° + ... + 2V =1 where 2¥ is ”2 to the power k” (so
we know the required sum is 2% — 1) using Action Systems.

The program can be written as:

x: 1integer Initially x=0
cobegin
x 1= x+20 || x :=x+2" || ... || x := x+2(N-D

coend

where cobegin-coend bracket a set of statements to be executed in parallel, and || separates the parallel
statements.

2.

Below is a leader-election algorithm:

0..N-1

X: integer 0..N-1

C: array[0..N-1] of 0..2 Initially O
e: array[0..N-1] of 0..1 Initially O

E;(0):

enable: C[i]=0

action: X :=1i; C[i] := 1
E;(1):

enable: V k:: Cl[k]l>1
action: e[i] := (X=1); C[i] := 2



a) Rewrite the leader-election algorithm using Action Systems and 2 loops.

b) Rewrite the leader-election algorithm using Action Systems, 2 loops and auxiliary variables to ensure
termination.

¢) Rewrite the leader-election algorithm using Action Systems, 1 loop and still ensuring termination using
auxiliary variables.

d) Rewrite the leader-election algorithm using Action Systems, 1 loop and auxiliary variables to ensure
atomicity of each separate statement and that they are still executed in the correct order, as well as
termination.

e) Rewrite the leader-election algorithm using Action Systems, 1 loop and ensure termination without
the addition of any auxiliary variables.

3.

Prove the relationship between different versions of the leader-election algorithm. In particular, prove the
relationship between the version of the leader-election algorithm that uses 2 loops and the version of the
leader-election algorithm that uses only 1 loop. Do this by showing the relationship between the following:

a) The version of the leader-election algorithm that uses 2 loops (2.a)) and the version of the leader-
election algorithm that uses 2 loops and also ensures termination using auxiliary variables (2.b)).

b) The version of the leader-election algorithm that uses 2 loops and also ensures termination using
auxiliary variables (2.b)) and the version of the leader-election algorithm that uses only 1 loop, still
ensuring termination using auxiliary variables (2.c)).



Answers

1.

Below is the program that computes the sum 2° + ... + 2¥=1 where 2% is 2 to the power k” written using
Action Systems:

[var b:array[0..N — 1] of 0..1;
|i:0.N—=1:0[i]:=0];
z = 0;
#[i: 0.N —1:b[i] =0 — z =2+ 2% bi] := 1]

]:z

2.
2.a)

Below is the leader-election algorithm written using Action Systems and 2 loops:

[var C:array[0..N — 1] of 0..2;
X :0.N —1;
[i:0.N—1:C[i]:=0];
||i:0..N —1: e[i] := false || ;
*[i:0.N—=1:C[i]=0— X :=1i; Cli] :=1];
#[j:0.N—=1:(ANk:0.N—=1:C[k] >1) — e[j] := (X =3); C[j] :=2]

2.b)

Below is the leader-election algorithm written using Action Systems, 2 loops and auxiliary variables to ensure
termination:

[var C:array[0..N — 1] of 0..2;
X :0.N —1;
l:array[0..N — 1] of 0..2;
[¢:0.N—1:C[i]:=0];
||i:0.N —1: e[i] := false || ;
li:0.N—=1:1[i]:=0];
#[i:0.N—=1:C[i]=0A1[i{]=0— X :=14; C[i] :=1; {[s] := 1]
*[j:0.N—=1:(Ak:0.N—1:Clk] >1) Alj]=1— e[j] = (X =3); Clj] :=2; [j] :=2]



2.c)

Below is the leader-election algorithm written using Action Systems, only 1 loop and auxiliary variables to
ensure termination:

[var C:array[0..N — 1] of 0..2;
X :0.N —1;
l:array[0..N — 1] of 0..2;
[¢:0.N—1:C[i]:=0];
||i:0.N —1: e[i] := false || ;
[¢:0.N—=1:1[i]:=0];

!
[(:0.N—1:C[i]=0AI[i]]=0— X :=14; C[i] := 15 1[i] :==1]
[
[:0.N=1:(Ak:0.N—=1:Clk]>1)AIl[j]=1— elj] := (X =j); C[j] :==2; 1] := 2]
]
]:e

2.d)

Below is the leader-election algorithm written using Action Systems, only 1 loop and auxiliary variables to
ensure atomicity of each separate statement and that they are still executed in the correct order, as well as
termination:

[var C:array[0..N — 1] of 0..2;
X :0.N —1;
l:array[0..N — 1] of 0..2;
[¢:0.N—1:C[i]:=0];
||i:0..N —1: e[i] := false || ;
|[7:0.N—1:0;:=0];

[[:0.N—=1:Cli]=0A1;=0— X :=4; |; :=1]
[
[(:0.N—-1:C[i]=0Al=1— C[0]:=1;1;:=2]

[
J:0.N—=1:(Ak:0.N—=1:Ck]>1)Nl;=2— e[j] .= (X =) :=3]
[

[:0.N—-1:(Ak:0.N—-1:Ck]>1)AN =3— C[j] =2;; :=4]



2.e)

Below is the leader-election algorithm written using Action Systems, only 1 loop while still ensuring termi-
nation, this time without the addition of any auxiliary variables:

[var C:array[0..N — 1] of 0..2;
X :0.N —1;
[¢:0.N—1:C[i]:=0];
|| i:0.N —1:e[i| := false || ;
!

[(:0.N—-1:C[i]=0— X :=14; C[i] :=1]

[
[[:0.N—-1:(Ak:0.N—=1:C[k]>1)A e[X] = false — e[j] := (X =j); C[j] :=2]



3.
3.a)

Proof of the relationship between the version of the leader-election algorithm that uses 2 loops (2.a)) and the
version of the leader-election algorithm that uses 2 loops but ensures termination using auxiliary variables
(2.b)). This requires showing that the algorithm in 2.a) can be refined into the algorithm in 2.b) using
Back’s rules, in particular Rule 8.

Rule 8: Adding auxilliary variables:

S = [var x; S[z := hy/skip',. ..,z = hy,/skip™]] (1)

To use this rule, we must show the following:

1. S does not contain any occurrence of z.

Proof:

In this case:

11

S
[var C:array[0..N — 1] of 0..2;
X :0.N —1;
[¢:0.N—1:C[i]:=0];
||i:0.N —1: e[i] := false || ;
*[1:0.N—-1:C[i]=0— X :=1¢; C[i] :=1];
#[j:0.N—=1:(ANk:0.N—=1:C[k] >1) — e[j] := (X =3); C[j] :=2]

]:e
And variables x and y:

C :array, X : int

b

C' :array, X' :int,l : array

We can assume that initially we have a statement [var z; S] and we want to replace variables z with some
other variables y, changing S to S’ accordingly, such that:

[var z; S] < [var y; S|



This can be achieved by completing the following sequence of steps:

1. Introduce new variables y:
Let S; = S[i: 0.N — 1: C'[i] := e1/skip', X' := ez/skip®,i : 0..N — 1 : I[i] := e3/skip?]
where e1, €2, e3 depend on where in the algorithm they appear.
Applying Rule 8 and monotonicity of refinement, we have:

[var z; S] < [var z; [var y; S]]

2. Introduce context assertion relating x and y:

Apply context introduction of assertions on z and y. This gives us:

St < Sil{lli] = Cli] = 0}; To/ To, {1[i] = Cli] = 1}; T/ Th, {I[i] = Cli] = 2}; To/ T3]

where:
To=||i:0.N—=1:C[i]:==0]; || i:0..N —1: ¢[i] := false ||
T1=%+[i:0.N—-1:C[i]=0— X :=¢; C[i] :==1]
To=%[j:0.N—-1:(Ak:0.N—1:C[k] >1) — e[j] .= (X =j); Clj] :=2]

3. Replace statements on x with statements on y:
Let T}, T1, T4 be statements that do not refer to variables in x:

ToEli:0.N=1:C'[i]:==0]; || 4:0..N —1: e[i] := false || ;
| i:0.N—=1:1[¢]:=0]||

T{=%[i:0.N—1:C'i]=0A1[i] =0 — X' :=1¢; C'[i] :==1; {[1] := 1]

Ty =%[j:0.N—=1:(Ak:0.N—=1:C'k] =21 Al[j]=1— e[j] := (X' =);
C'ljl=2; 1] == 2]

(Initialisation)

(First loop)

(Second loop)

(Initialisation)

(First loop)

(Second loop)



(Informally) using weakest preconditions, we can show that:

o {lli] = Cli] =0}; To < Tg
Must show that wp(To, R) = wp(T}, R):

wp(To, R)
=wp(]4:0.N=1:C[i]:=0]; || ¢:0.N —1:¢[i] := false ||,
Zivol []_0/\210 eli] =0)
=wp(]]4:0.N—=1:C[i]:=0|,wp(|| ¢ : 0..N —1: e[i] := false ||,
i Clil=0A 5 eli] = 0))
wp(ll:0.N =1: Ci] := 0,325 Clil =0 A S35 0=0)
=T 0=0aE5 0=0

wp(Ty, R)
=wp(] 4:0.N=1:C'[i]:=01; [|4:0.N —1:e[i] := false || ;
liz0.N—1:10] =0 [, 325" ¢l =0 A X5 eli] = 0)
wp(l| i:0.N —1: C'[z] =0]; || i:0..N —1:e[i] := false ||,
wp(| 2 0.N = 1:1[i) =0 |, 25" C'[i) = 0 A 335" eli] = 0))
wp(l| 4:0.N —1: C'[z] =0]; || i:0..N —1: e[i] := false ||,
i Ol =0 A 5 el = 0))
=wp(]| i:0.N—=1:C"[i] :==0],wp(]| i:0..N —1: e[i] :== false ||,
i Ol =0 A 5 el = 0))
= wp(]| i :0.N —1: C’[i] =0 [, 325" Ci] =0 A 33551 0= 0)
=N lo=0ANo=0

Therefore, wp(To, R) = wp(T§, R) and thus {{[i] = C[i] = 0}; Tp < T§.

o {l[i]=Cli|=1}; Th < Ty
Must show that wp(T1, R) = wp(T}, R):

wp(Th, R)
= wp(x[i : 0. N—l'CHzO—>X::i; Cli] :=1],
Ziv 01 Cli]=N A ZZ o Le[i] = 0) (At termination of loop)
_ SN = N AR el =0)

wp(Ty, R)
=wp(x[i : 0.N —1: C'[i] =0AI[i] =0 — X' :=i; C'[i] :=1; I[1] := 1],
Zivgl C'lif =N A Ziv o1 e[i] = 0) (At termination of loop)
_Zivoll_N/\Zz o €[ =0)



Therefore, wp(T1, R) = wp(Ty, R) and thus {{[:] = C[i] =1}; T1 < T7.

o {l[i] =Cli|=2}; To < T}
Must show that wp(Ta, R) = wp(T}, R)

wp(Ta, R)
=x%[j:0.N—-1:(Ak:0. N—1~C[ ] >1) — e[j] = (X =7); C[j] == 2],
Yo Clil = 2N A eljl =1 Ae[X]:=1) (At termination of loop)

=30 222N AN X =g) =1 A e[X]:=1)
wp(T3, R)
=wp(x[j :0.N=1:(Ak:0.N—=1:C'[k] >1) Al[j]=1— e[j] = (X' =j);
C'lj] =2 l[j] :== 2],

vaBl C'li] > 2N A Zl o e[ ] =0Ae[X']:=1) (At termination of loop)
SNl AN AT (X =) = 1 A e[ X = 1)

Therefore, wp(Ts2, R) = wp(T4, R) and thus {{[i] = C[i] = 2}; T» < T3.

By transitivity of refinement, we now have:

Sy < 81Ty /) To, T1) T1, T3/ To] = So

. Remove old variables x:
Assume that all the remaining occurrences of z are now in assignments to variables in x:

Sy = Sy[x := hy/skip®, ...,z := hy,/skip™]

where S5 does not contain any occurrences of z.



Therefore, we have:

Sy =

[var C’:array[0..N — 1] of 0..2;
X' :0.N —1;
l:array[0..N — 1] of 0..2;
li:0.N—1:C'[i]:=0];
|| i:0.N —1:¢e[i] := false || ;
li:0.N—=1:1[i]:=0];
#(0:0.N—=1:C'[i] =0AI1[i]]=0— X' :=14; C'[i] :=1; [[i] :=1];
#(j:0.N—=1:(Ak:0.N=1:C'[k] > Al[j]=1—

elj] = (X' = j); C'lj) o= 2: 1]j] = 2]
]:e

Applying Rule 8 again then gives us:

[var z;[var y; S1]] < [var z;[var y; Sa]]

var y;[var z; S]]

[
[
[var y;[var z; Sy[x = hy/skip®, ..., 2 = hy/skip™]]]
[var y; S5

Transitivity of refinement then gives us the desired result:

[var z; S] < [var y; Ss]

That is, by removing variables = and adding variables y using Rule 8, followed by a simple renaming of
variables C” back to C and X’ back to X, we have essentially converted the algorithm in 2.a) into the
algorithm in 2.b).

10



3.b)

Proof of the relationship between the version of the leader-election algorithm that uses 2 loops and auxiliary
variables to ensure termination (2.b)), and the version of the leader-election algorithm that uses 1 loop and
still ensures termination (2.c)). This requires showing that the algorithm in 2.b) can be refined into the
algorithm in 2.c) using Back’s rules, in particular Rule 4.

Rule 4: Merging a sequence of loops:

w[i: Ag]; = [j: Bj] <=x[i:A;[j: Bj] (2)

To use this rule, we must show the following;:
1. For every i, j, B; cannot enable or disable A;
2. For every i, j, either B; cannot precede A; or A; commutes with B;

3. x[j : B;] terminates when V gA;

Proof:

In this case, for i € 0..N — 1:

A, =2CH=0AI1[I]=0— X :=4; C[i] :=1;1[i] :=1

Also, for j € 0..N — 1:

Bi=(ANk:0.N—=1:Ck]>1)Alj]=1—ej] :=(X =j); Clj] :==2; 1[j] =2

1. For every i, j, Bj cannot enable or disable A;

e To enable A; would require that both C[i] and [[i]] = 0 be set to 0, that is, that the statements
C[t] :== 0 and I[i] := 0 be in the body of some action B;. But, no B; contains neither the state-
ment C[i] := 0 nor [[i] := 0. Therefore, no B; can enable any A;.

e To disable 4; would require that C[i] be changed from 0 to another value, that is, that C[i] =0
be changed to C[i] > 0 by a statement in Bj;, or that [[¢] be changed from 0 to another value,
that is, that [i] = 0 be changed to I[i] > 0 by a statement in B;. The statements C[j] := 2 and
I[j] :== 2 are in fact within the body of every B; action except that in order for these actions to
be triggered, B;’s guard must be satisfied. Every B;’s guard requires that for every k € 0..N — 1,
Clk] > 1 and that [[j] = 1. This means that every A; must have been run and now be disabled
since every A;’s guard requires that C[i] = 0 and [[¢{] = 0 and every A, action body contains
the statement C[i] := 1 and I[¢] := 1, thus disabling itself when it runs. Therefore, the enabling
condition for B; effectively requires that all A;s must have already been executed and be disabled.
Therefore, no B; can disable any A; as they are already all disabled.

Therefore, for every i, j, B; cannot enable or disable A;.

11



2. For every i, j, either B; cannot precede A; or A; commutes with Bj

Every B;’s guard requires that all for all £ € 0..N — 1, C[k] > 1 and [[j] = 1. Therefore, every
Bjs enabling condition essentially means that no A; can be enabled. Running a A; action disables
itself because it contains the statements C[i] := 1 and [[¢] := 1, negating it’s enabling condition that
C[i] = 0 and [i] = 0. Therefore, for a B; action to fire requires that for all ¢ € 0..N — 1, action A4,
has already happened. Therefore, no B; can precede any A;.

3. *[j : B;] terminates when V gA;

This property insists that when even just one action A; is or somehow becomes enabled, that if B;
actions are being undertaken, that *[j : B;] terminate. Since every B;’s guard requires that all for all
k€ 0..N —1, C[k] > 1 and [[j] = 1, then obviously no more B; actions could run if even just one A;
action were enabled as this would mean that for some 7 € 0..N —1, C[i] = 0 nor {[i] = 0, thus disabling
all B; actions. Therefore, as long as even just one A; were or became enabled somehow, [;j : B;] would
need to terminate.

That is, by merging the two loops using Rule 4, we have essentially converted the algorithm in 2.b) into the
algorithm in 2.c).

12



